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This work investigates the fractional non linear reaction diffusion (FNRD) system of Lotka-Volterra type.
The system of equations together with the boundary conditions are solved by Homotopy perturbation
transform method (HPTM). The series solutions are obtained for the two cases (homogeneous and
non-homogeneous) of FNRD system. The effect of fractional parameter on the mass concentration of
two species are shown and discussed with the help of 3D graphs.
 2016 Karabuk University. Publishing services by Elsevier B.V. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Fractional differential equations are widely used to model the
fluid flow problems. The application of fractional derivatives and
fractional curl operators is growing because of its wide utility in
mathematical biology [1–3,7], wave motion [4], coupled oscilla-
tions in engineering [5,6], physics [8] mathematical finance [9]
and in various branches of modern science and technology. More
recently some important and further applications of fractional cal-
culus has also found its applications in earth quake oscillations
[10,11] and in electrical impedances in botanical elements i.e.,
fruits and vegetables [12,13].
The continued interest in reaction-diffusion systems stem from
the fact that such systems with variable diffusitivities generalize
many non-linear models which are widely used in modern day sci-
entific and research problems. As a particular case reaction-
diffusion system corresponds to one population diffusion system
for two species in terms of Lotka-Volterra type [14,15]. In this
paper we consider the fractional non-linear reaction-diffusion sys-
tem with variable diffusitivities as
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þ G u;vð Þ; 0 < a  1:Recently fractional order model has received considerable
attention in mathematical biology. Ozalp [16] studied fractional
order SEIR model using transverse transmission. Fractional differ-
ential equation for HIV model is analyzed by Kou et al. [17]. Mal-
mivuo and Plonsey [18] computed fractional dynamical models
arising from biological systems. It is difficult to find exact solution
of fractional non-linear differential equations. Several analytical
and numerical techniques are available in literature [19–27] to
solve such differential equations. Homotopy perturbation method
has been employed to solve non-linear fractional differential equa-
tions. Another approach to solve such equations is by the combina-
tion of various methods with Laplace transform method e.g.,
Adomian decomposition transform method (ADTM) [28], Differen-
tial transform method (DTM) [29], Homotopy analysis transform
method (HATM) [30] and Homotopy perturbation transform
method (HPTM) [31].
In this paper, we discussed the implementation of (HPTM) to
solve the fractional non-linear reaction diffusion (FNRD) system
of Lotka-Volterra type. The analytic solution in series form is
obtained by HPTM. The graphical results are also obtained for dif-
ferent values of fractional parameter. The correctness of the
obtained results is verified when fractional order derivatives are
replaced by ordinary derivatives.
2. Homotopy perturbation transform method (HPTM)
Definition 1.1. The fractional derivative of uðtÞ is defined as [8]system
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t  nð Þau tð Þdn; 0 < a < 1;Definition 1.2. The Laplace transform of function f ðtÞ is defined as
[32]
FðsÞ ¼ L½f ðtÞ ¼
Z 1
0
est f ðtÞdt: ð1ÞDefinition 1.3. The Laplace transform of the fractional derivative
is defined as [32]
L Dnaf ðtÞ  ¼ snaFðsÞ Xn1
k¼0
snak1f ðkÞð0Þ; ð2Þ
where n 1 < a  n.2.1. Methodology of HPTM for non-linear fractional differential
equations
In order to elucidate the solution procedure of the fractional
Laplace Homotopy perturbation transform method, we construct
the homotopic structure [33] for the following problem
Dat wðx; tÞ ¼ Rwðx; tÞ þ Nwðx; tÞ þ rðx; tÞ; t > 0;0 < a
< 1;wðx;0Þ ¼ w0ðxÞ: ð3Þ
The homotopic structure is
Hðw;pÞ ¼ ð1 pÞwðx; tÞ þ pðLwðx; tÞ þ Nwðx; tÞ þ rðx; tÞÞ ¼ 0:
The embedding parameter p monotonically increases from 0
to 1.
ð1pÞL½Dat wðx;tÞþpL½Datwðx;tÞRwðx;tÞþNwðx;tÞþ rðx;tÞ ¼0;
where R is the linear and N is the non-linear operator in the variable
x; rðx; tÞ is continuous function,w x;0ð Þ is the initial condition. The
first step towards the solution of the mentioned method is applying
Laplace transform on both sides of the Eq. (3), we have
L Dat wðx; tÞ
  ¼ L Rwðx; tÞ þ Nwðx; tÞ þ rðx; tÞf g: ð4Þ
On applying the derivative rule of the Laplace transform on
equation Eq. 4, we get
Lfwðx; tÞg ¼ s1w0ðxÞ þ saLfRwðx; tÞ þ Nwðx; tÞ þ rðx; tÞg: ð5Þ
Here we can assume that the solution of the given equation can
be expressed as power series in the following form
wðx; tÞ ¼
X1
n¼0
pnwnðx; tÞ; ð6Þ
and when p ! 0 zeroth order approximation w0ðx; tÞ is obtained
and p ! 1 gives the final solution wðx; tÞ. The non-linear term can
be expressed as
N wðx; tÞf g ¼
X1
n¼0
pnHnðwÞ; ð7Þ
here Hn are He’s polynomials and can be evaluate by using the for-
mula given below [33]
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On substituting He’s polynomial in Eq. 8 and the resulting
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Now applying inverse Laplace transform to Eq. 9, we have
X1
n¼0
pnwn x; tð Þ ¼ F x; tð Þ þ p L1 saL R
X1
n¼0
pnwn þ
X1
n¼0
pnHn
( )( )" #
;
ð9Þ
where F x; tð Þ is the term obtained by the initial condition and source
term. From Eq. 10, we obtain the following approximations as
p0 : w0ðx; tÞ ¼ Fðx; tÞ; ð10Þ
p1 : w1ðx; tÞ ¼ L1 saL Rw0 þ H0ðw0Þf g½ ; ð11Þ
p2 : w2ðx; tÞ ¼ L1 saL Rw1 þ H1ðw0;w1Þf g½ ; ð12Þ
p3 : w3ðx; tÞ ¼ L1 saL Rw2ðx; tÞ þ H2ðwÞf g½ ; ð13Þ
and
pn : wnðx; tÞ ¼ L1½saL Rwn1ðx; tÞ þ Hn1ðw0;w1; . . . . . . :wn1Þf g:
ð14Þ
Finally we obtain the semi-analytic solution in the form of trun-
cated series of approximation as
wðx; tÞ ¼ lim
p!1
X1
n¼0
pnwnðx; tÞ
 !
: ð15Þ3. Illustrative example
In this section we shall demonstrate the application of HPTM to
solve FNRD system of Lotka-Volterra type differential equation.
Dat u ¼ uuxð Þx þ u a1 þ b1uð Þ þ c1v þ d1; ð16Þ
Dat v ¼ vvxð Þx þ v a2 þ b2vð Þ þ c2uþ d2; ð17Þ
where ai; bi; ci and di i ¼ 1;2 are arbitrary constants with
b1b2–0; c1c2–0; b1¼ b2¼ b>0; d1 ¼ 2c1a16c
2
1
b ; d2¼ d1þ 4c1b 3c1a1ð Þ;
a2 ¼ a16c1; c2¼c1, with initial conditions
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with
/0 ¼
1
3b
2
t0
 6c1 a1 ¼ 3c1;
j 3c1  a1 j tanh j3c1a1 jt02
	 

a1 – 3c1:
8<
: ð20Þ
Taking Laplace transform of Eqs. 17 & 18 we have
sau x; sð Þ  u x;0ð Þ ¼ d1
s
þ L a1uþ c1v þ b1u2 þ uuxð Þx
 
; ð21Þ
ðu x; sð ÞÞ ¼ f xð Þ
sa
þ d1
saþ1
þ L
sa
a1uþ c1v þ b1u2 þ uuxð Þx
 
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Table 1
Residual error for the homogeneous fractional non-linear diffusion system of Lotka-
Volterra types when a ¼ 0:9.
x Residual error of u Residual error of v
0 0.0118679 0.00986739
0.1 0.0118506 0.00995241
0.2 0.0118238 0.0100348
0.3 0.0117879 0.0101137
0.4 0.0117431 0.0101883
0.5 0.01169 0.0102581
0.6 0.0116291 0.0103224
0.7 0.0115609 0.0103806
0.8 0.0114861 0.0104322
0.9 0.0114056 0.010477
1.0 0.0113201 0.0105144
Table 2
Residual error for the homogeneous fractional non-linear diffusion system of Lotkta-
Volterra types when a ¼ 0:9.
x Residual error of u Residual error of v
0.1 0.0580882 0.0251002
0.2 0.057807 0.0250156
0.3 0.0570113 0.0249473
0.4 0.0557133 0.0248966
0.5 0.0539323 0.0248643
0.6 0.051695 0.0248512
0.7 0.0490349 0.0248507
0.8 0.0459919 0.0248341
0.9 0.0426116 0.0247302
1.0 0.0389446 0.0247056
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In order to obtain the solution we shall compare different pow-
ers of p0, p1; p2 which yield
p0 :
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Case:1. Homogeneous Fractional non-linear diffusion system
of Lotka-Volterra type
For a1 ¼ 3c1;/0 ¼ 13b 2t0  6
	 

, c1 ¼ 1; b1 ¼ b2 ¼ b; c2 ¼ 1; a2 ¼
a1  6c1; d1 ¼ d2 ¼ 0, the zeroth order solution of Lotka-Volterra
type system will take the form
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ui i ¼ 1;2; . . . . . .ð Þ and v i i ¼ 1;2; . . . ::ð Þ can be obtained from Eq. 28.
Case: 2. Non-homogeneous Fractional non-linear diffusion
system of Lotka Volterra type
For a1 – 3c1; a1 ¼ 3; d1 ¼ 1; c1 ¼ 1:2; b ¼ 3; d2 ¼ 1:96; c2 ¼
1:2;/0 ¼ 13b j 3c1  a1 j tanh j3c1a1 jt02
	 

 a1  3c1
h i
, the zeroth
order is of the form
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and ui i ¼ 1;2; . . . . . .ð Þ and v i i ¼ 1;2; . . . ::ð Þ can be obtained from Eq.
28 and solution can be written as
u ¼ lim
p!1
X1
n¼0
pnun;
v ¼ lim
p!1
X1
n¼0
pnvn:
ð32Þ4. Numerical results and discussion
In this section, the graphical results of the solution for Eq. 31 are
illustrated through Figs. 1–7 for various of a. These figures show
the behavior of an approximate solution truncated to the fifth term
of the series obtained by HPTM for homogeneous and non homoge-
neous reaction diffusion system of equations when
a ¼ 0:2;a ¼ 0:7, and a ¼ 0:9. It is observed from Figs. 1–3 that
mass concentration of both species uðx; tÞ and vðx; tÞ decreases
with increases in t for different values of a. It shows that for the
homogeneous case of non linear fractional reaction diffusion equa-
tion mass concentration of both species are decaying. Figs. 4–6
show the result for case 2. It is noted that mass concentration
uðx; tÞ is growing with the time t while the mass concentration
vðx; tÞ decaying with time t i.e., the non homogeneous term acts
as a source to grow the concentration of first specie. Figs. 7,8 depict
that magnitude of the mass concentration of both species are going
to decrease by increasing the fractional parameter a for the homo-
geneous system of Lotka-Volterra type whereas for the non homo-
geneous system mass concentration of both species are decayingplace transform solution of fractional non-linear reaction diffusion system
//dx.doi.org/10.1016/j.jestch.2016.10.014
Fig. 1. Effect of fractional parameter on the mass concentration of two species u(x, t) and v(x, t) for a = 0.2.
Fig. 2. Effect of fractional parameter on the mass concentration of two species u(x, t) and v(x, t) for a ¼ 0:7.
Fig. 3. Effect of fractional parameter on the mass concentration of two species u(x, t) and v(x, t) for a ¼ 0:9.
Case 1: For Homogeneous (FNRD) system a1 ¼ 3c1ð Þ.
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Fig. 4. Effect of fractional parameter on the mass concentration of two species u(x, t) and v(x, t) for a ¼ 0:2.
Fig. 5. Effect of fractional parameter on the mass concentration of two species u(x, t) and v(x, t) for a ¼ 0:7.
Fig. 6. Effect of fractional parameter on the mass concentration of two species u(x, t) and v(x, t) for a ¼ 0:9.
Case 2: For Non-homogeneous (FRND) system ða1 6¼ 3c1Þ.
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Fig. 7. Effect of fractional parameter on the mass concentration of two species u(x, t) and v(x, t) for x = 1. when a1 ¼ 3c1.
Fig. 8. Effect of fractional parameter on the mass concentration of two species u(x, t) and v(x, t) for x = 1. when a1 – 3c1.
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system reduces to the ordinary nonlinear fractional diffusion sys-
tem when a ¼ 1 and our results match with the exact solution
obtained by [15]. Table 1 and Table 2 show the residual errors of
homogeneous and non-homogeneous fractional diffusion system
of Lotka Volterra Type. It can be seen that our approximate solu-
tions are convergent and the residual errors can be minimized by
increasing the number of iterations.5. Conclusions
 The mass concentration of both species decreases with increase
in t for different values of a.
 The mass concentration uðx; tÞ is growing with the time t while
the mass concentration vðx; tÞ decaying with time t.
 The non homogeneous term acts as a source to grow the con-
centration of first specie.
 The mass concentration of both species are going to decrease by
increasing the fractional parameter a for the homogeneous and
non-homogeneous system of Lotka-Volterra type.
 The FNRD system reduces to the ordinary nonlinear fractional
diffusion system when a ¼ 1 and our results match with the
exact solution.Please cite this article in press as: M.H. Tiwana et al., Homotopy perturbation La
of Lotka-Volterra type differential equation, Eng. Sci. Tech., Int. J. (2016), http:References
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